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The minimum energy crystal structures of six monosaccharides: ~- and fl-D-gtucose, fl-lyxose, methyl- 
~-D-glucopyranoside, D-glucono-(1,5)-lactone, and fl-arabinose, were calculated using a modified Wil- 
liams procedure of minimization of nonbonded repulsion energy. In all cases but fl-arabinose, the pre- 
dicted structures were in close agreement with the real structures, and could easily serve as starting 
models for least-squares refinement procedures. The same potential energy parameter set was applicable 
in all cases. In the case of fl-arabinose a structure was predicted which differed from the reported one by 
a shift of -¼a. Subsequent refinement of the predicted structure with X-ray data revealed errors in the 
reported data and produced a corrected crystal structure and good agreement with the predicted one. 
Of all the nonbonded interactions present in these carbohydrates, those involving the hydrogens were 
the most important and those involving the carbons the least important. Little difficulty with predicted 
structures in false energy minima was encountered. 

.~ Introduction 

The determination of polymer crystal structure is, in 
general, handicapped by a lack of observed diffraction 
data, necessitating reliance on information obtained 
from other sources. In principle, such information may 
be obtained from a computation of minimum potential 
energy structures which could serve as models for sub- 
sequent structure refinement with available diffraction 
data. This goal has not yet been achieved, but neverthe- 
less, such calculations have been successful with low 
molecular weight hydrocarbons (Williams, 1969; Neu- 
man, 1970; Warshel & Lifson, 1970) and, to some ex- 
tent, with hydrocarbon polymers (Clark & Geering, 
1970; Wobser & Blasenbrey, 1970). These calculations 
have been carried out in two different ways, either by 
minimization of the total potential energy or by the 
minimization of repulsive energy only (Williams, 1965, 
1969). Calculations using the second approach have the 
advantage of being simpler and faster and appear to be 
sufficiently reliable. 

The extension of the same techniques to the predic- 
tion of crystal structures of carbohydrates is somewhat 
more difficult owing to the presence of oxygens. First, 
at least three more nonbonded potential energy func- 

tions must be introduced. Second, hydrogen bonding 
must now be considered. 

As part of work with biologically important poly- 
saccharides, it was decided to investigate in detail the 
forces responsible for the conformation of these mol- 
ecules and their packing into crystal structures. A suit- 
able starting point seemed to be the attempt to predict 
the known crystal structures of carbohydrates of low 
molecular weight, in an effort to determine the best set 
of potential energy functions applicable to all such 
molecules. Calculations with the same potential par- 
ameter set for other, as yet undetermined carbohydrate 
structures might then provide reliable predictions of 
their crystal structures. In this communication we de- 
scribe the calculation of the most probable crystal 
structures of s-D-glucose, fl-o-glucose, fl-lyxose, methyl- 
~-o-glucopyran ose, o-glucono-(1,5)-lactone, and fl-ara- 
binose, using the method of minimization of repulsive 
nonbonded energies only. 

Method of  calculation 

The method employed was that of Williams (1969) and 
consisted, basically, in moving a rigid molecule and its 
symmetry-related mates within the fixed unit cell until 
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a position of minimum energy was found. The success 
of the calculations could be judged in three ways: 

1. When starting the computation with the molecules 
in the actual positions in the unit cell, the position of 
minimum repulsion should be identical or should occur 
in close vicinity. 

2. When starting the computation with the molecules 
in arbitrary positions in the unit cell, the final position 
should correspond to the crystal structure. With several 
energy minima occurring, the correct one should be the 
lowest. 

3. The same potential energy function parameters 
should apply to different but related structures. 

The Williams PACK5 computer program, designed 
to search for the minimum energy position with the 
help of least-squares procedures, was used throughout 
this work. The program was modified for the IBM 
1620-11 computer. 

The interatomic nonbonded repulsive potential ener- 
gy of a pair of atoms (i,j), or, was approximated by 
(Williams, 1969): 

er=w(do-d,j) ~, d,~<do (la) 
e,=O , d~j>do (lb) 

where d~j is the interatomic distance, do is an empirical 
cut-off distance, and w is a weighting factor. All pairs 
of atoms of one kind had the same do and w, meaning 
that all such atoms were treated equally and polariza- 
tion effects were not taken into account. 

The parameters do and w for the five nonbonded in- 
teractions O-- -O,  O-- -C,  O- - -H ,  C - - - H  and H - - - H  
were obtained by trial and error and are shown in 
Table 1. In this manner, it was found that only the 
H - - - H ,  C - - - H  and O - - - H  contacts were important 
in determining the energy minima of carbohydrates. 
The most consistent results were obtained with the 
listed parameters for these three interactions. The re- 
maining contacts were not balanced and are therefore 
somewhat arbitrary. No C - - - C  contact less than 3.7 
was found. The cut-offdistances for H - - - H  and C - - - H  
determined in this fashion were in good agreement with 
those most recently reported by Williams (1970). In 
addition to the nonbonded interactions, the possible 
presence of a hydrogen bond was taken into account as 
follows. An O - - - O  contact was considered to be a hy- 
drogen bond when the interatomic distance was less 
than 3.0/~ and greater than 2.5 .~ and the correspond- 
ing oxygen-hydrogen distance O - - - H - O  was less than 
2.5 A. The applicable do a n d w  parameters are also 
listed in Table 1. It was found expedient not to use 
equation (lb) for the hydrogen bond; rather equation 
(la) was used for all values of dtj. This procedure had 
the effect of forcing the hydrogen bond towards the 
length do as it simulated an attractive hydrogen-bond- 
ing force. The attractive potential was, however, always 
negligible compared with the total repulsion energy. 
The influence of H - - - H  interaction (d~j<2.5 /~) be- 
tween hydroxyl hydrogens involved in a hydrogen bond 
was found to be insignificant and this interaction was 

dropped in the hydrogen bond calculation. This con- 
stituted an advantage because the hydroxyl hydrogens 
are generally not easily located due to possible rota- 
tions about the C-O axis. 

Table 1. Parameter set used for the calculation of  
repulsion energy 

Cut-off distance Scaling factor 
Interaction do (A) w 

O---O 3.40 1.25 
O---C 3-40 1.00 
O---H 3-25 1.80 
C---H 3.30 1.35 
H---H 3.20 0.50 
O---O (H-bond) 2.80 10.00 

All molecules were considered to be rigid because 
the limited computer core available did not permit in- 
corporation of substituent rotations into the program. 
This is a serious limitation and must be removed before 
these calculations are extended to more complex car- 
bohydrates such as dimers, oligomers or polysaccharides. 

As a measure of the deviation between actual and 
predicted atomic coordinates, an average deviation, ~0, 
was calculated for each structure: 

N 

~0=( ~ A]/3N) 1/2 (2) 
l = l  

where N is the number of atoms in the molecule and Al 
is the difference between corresponding atom positions 
in the predicted and actual structures. For each actual 
and predicted structure the total repulsive energy, E,, 
was calculated by summing over all pairwise energies e,. 

It was expected that starting the calculations with 
the molecules in arbitrary and random starting posi- 
tions, a number of false energy minima in addition to 
the correct minimum would be found. The following 
strategy was finally developed for searching out the 
correct minimum-energy position. 

Random starting positions were generated by trans- 
lations and rotations of the molecule relative to some 
fixed point. Initial calculations from these positions 
were carried out by omitting either all O - - - H  or all 
H - - - H  interactions. This resulted in a much faster cal- 
culation, and more importantly, in far fewer minimum 
energy positions when compared with a full calculation 
including all interactions. Each minimum thus reached 
constituted a new starting position for a subsequent 
full calculation. In most cases, all of the false minima 
were easily eliminated from consideration in this fash- 
ion; however, in a few instances the choices were more 
difficult. Three criteria were finally selected for choos- 
ing the 'correct' minimum positions: 

1. The correct structure should have a 'very low' 
repulsive packing energy. 

2. No unreasonably short contacts should occur and 
the closest contacts should not decrease to unreason- 
able values when the potential parameter set was 
slightly changed. 

3. The number of hydrogen bonds must be maximized. 

A C 28B - 4* 
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In the following discussion, the predicted position 
of the molecule in the unit cell is reported in terms of 
the rotation matrix R and the translation vector S, 
relative to the rotation point P. The latter is given in 
5.ngstroms relative to the origin of the space group. 
An identity matrix for R and a zero vector for S 
indicate perfect coincidence with the actual structure. 

Results and discussion 
1. O~-D-Glucose 

The crystal structure ofc~-D-glucose was a most useful 
model structure for the calculations because its hydro- 
gen positions were accurately determined by neutron 
diffraction (Brown & Levy, 1965). The reported C-H 
bond distances varied from 1.092 A to 1.106 A and the 
O-H distances from 0.964 to 0.973 A. These distances 
are approximately 0.15-0.20 A longer than the corre- 
sponding distances in another carbohydrate, D-gluc- 
ono-(1,5)-lactone, for which the hydrogen positions 
are also accurately known. As will be shown through- 
out this work, the hydrogen coordinates are most im- 
portant in determining the minimum energy structure, 
as well as the value of the total repulsive energy Er, and 
a comparison of the two carbohydrates has proved to 
be most informative. 

The final predicted structure of S-D-glucose was al- 
most identical with the actual structure, as shown by 
the rotation matrix R, the vector S and the deviation 
~p = 0.0325 A with all atoms included in the calculation. 

0"99999 -0"00126 0"00221\ 
R = 0.00125 0.99999 0.00379] 

-0-00222 0.00378 0-99999] 

P=(4.0,  8.0, 0.0)/~ 
S = ( - 0 . 0 2 ,  -0.05,  -0.02) A 

For carbon and oxygen atoms only the value of ~0 = 
0.0327 A, insignificantly different from that with all 
atoms included. Little change in deviation was also 
found when the function parameters shown in Table 1 
were changed; for example, the value of tp for all atoms 
decreased to 0.0314 ,~ when the cut-off distance for 
H - - - H  was increased to 3.30 A. It decreased by a 
similar amount when the corresponding O- - -H par- 
ameter was changed. However, such increases in these 
parameters for general use were not warranted because 
it was subsequently found that they did not produce 
improvements in all structures. 

Drastic changes in tp did not occur even when one 
of the main interactions, such as H- - -H,  H-- -C,  or 
H---O,  was omitted. The corresponding ~0 values were 
~°(n--- . )B 0.0345 A, ~0(n.. _ o) = 0.0935/~, and ~0(n___ c ) ;  
0-1116 A. Even with the weighting term for the H---  
contacts and the potential term for the hydrogen bond 
both set equal to zero, a good fit for the calculated 
structure was found. But now the previously stable 
minimum of repulsive energy was no longer stable and 
the calculated structure began to oscillate about the 
minimum, forcing an arbitrary termination of the com- 
putation. These results indicated that the packing of 
the structure was not extremely sensitive to the type of 
functions used to describe the repulsive forces and, 
perhaps more importantly, that the minimum energy 
position was determined by a relatively small number 
of nonbonded interactions. 

The breakdown of short contacts by type in both the 
actual and the calculated structure is shown in Table 2, 
along with the corresponding repulsive energies. The 
O-- -O and O- - -C  contacts were of no importance 
either in number or in repulsive energy. The main con- 
tribution to the repulsive energy arose from the 0 - - - H ,  
C- - -H and H - - - H  interactions which almost dupli- 

Table 2. D•tribution of  short contacts in actual and computed crystal structures of  o~-D-glucose 
All hydrogen bonds are included. 

Total number of re- E, for 
Inter- pulsive interactions observed 
action (and H-bonds) structure 
O---O 4 0.04 
O---C 10 0.16 
O---H 36 8.98 

C- - - H 24 5" 22 

H---H 48 5.52 

O---O (H-bond) 10 0.40 

Closest contacts (A) 
Atoms* Obs. Pred. 

O(1)---O(5) 3.28 3.28 
C(6)---O(2) 3.22 3.27 
O(1)---H(2) 2-29 2-30 

H(6B)--- O(2) 2"73 2-77 
H(l')--- O(6) 2.80 2"83 
O(1)--- H(4) 2-82 2"83 
C(6)--- H(2') 2.67 2.64 
C(2)--- H(3') 2.72 2-75 
C(4)--- H(4') 2"73 2"72 

H(l')---C(l) 2"82 2"72 
H(I)--- H(6B) 2.37 2.33 
H(5)--- H(4) 2.44 2.45 
H(5)--- H(4') 2-44 2.47 

H(4')--- H(4') 2.49 2.49 
0(2)---0(3) 2-70 2"70 
0(6)---0(3) 2"71 2"73 
0(4)---0(4) 2"77 2"75 
0(6)---0(2) 2"77 2"76 
0(1)---0(5) 2-84 2.75 

* The hydroxyl hydrogens are denoted by a prime and the same number as the hydroxyl oxygen. 
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cated those found in the actual structure, including a 
rather close O- - -H  contact of 2-29/~ which remained 
nearly unchanged in the calculated structure. The five 
unique hydrogen bonds are also listed in Table 2 (the 
other five are symmetry reIated) and as can been seen, 
the predicted bond lengths are, with one exception, 
close to the bond lengths found in the actual structure. 
The significance of the one exception (difference of 
0.09/~) can at present not be estimated. Only minor 
changes in the fit of the calculated structure were ob- 
served when the scaling factor for the hydrogen bond 
was increased by a factor of 2. 

For the actual structure of a-D-glucose, Er=20.32 
(in arbitrary units), which included an attractive part 
of 0.04 for the hydrogen bond. For the computed 
structure, £7,=20-01. The agreement between the two 
values further points out the small differences between 
the actual and computed structures. 

2. fl-D-Glucose 
The crystal structure of fl-D-glucose had been deter- 

mined by X-ray diffraction (Chu & Jeffrey, 1968) but 

without refinement of hydrogen positions. The pre- 
dicted structure occurred at 

/'0.99958 - 0.10404 - 0.02529~ 
R =  |0.01471 0.99954 0.02637| 

\0.02491 -0.02673 0.99933] 
P = (1.0, 2.0, 2-0) A 
S =(0-01, 0.08, -0 .05) /~  

and was characterized by ~0=0.0653 A with all atoms 
included in the calculation. With hydrogens excluded, 
~0=0.0617 A. By increasing the cut-off distance for 
H - - - H  repulsion to 3.30 A, ~0 decreased to 0.0644 A 
for all atoms. 

The breakdown of the repulsive energies and the 
closest contacts for both the actual and the computed 
structure are listed in Table 3. As was the case with 
a-D-glucose, the predominant interactions were O-- -H,  
C-- -H,  and H- - -H,  with O- - -O and O- - -C  interac- 
tions contributing insignificantly to the total repulsive 
energy. Two very short contacts in the actual crystal 
structure, an O---  H contact of 2.32 A and an H---  H con- 
tact of 2-06 A, were preservcd in the predicted structure. 

Table 3. Distribution of short contacts in actual and computed crystal structures of fl-D-glucose 
All hydrogen bonds are included. 

(a) Real minimum 
Total number of re- Er for 

Inter- pulsive interactions observed 
action (and H-bonds) structure 
O--- O 2 0.04 
O---C 2 0.02 
O---H 40 10.23 

C---H 26 4.14 

H---H 48 5-77 

O---O (H-bond) 8 0.79 

(b) False minimum 
O---O 8 

O---C 2 
O---H 38 

C---H 22 

H---H 50 

O---O (H-bond) 6 

* See footnote at the bottom of Table 2. 

Closest contacts (A) 
Atoms* Obs. Pred. 

0(4)---0(2) 3"26 3"37 
O(3)--- C(2) 3-29 - 

H(4')--- O(2) 2"32 2"45 
O(4)---H(5) 2"54 2"56 
O(1)---H(6A) 2"70 2"81 
O(4)--- H(3) 2-79 2-62 
C(3)--- H(2') 2"68 2"77 
C(6)--- H(I') 2"82 2-95 
C(2)--- H(2') 2"87 2"96 

H(3')---C(I) 2-90 2"81 
H(4)--- H(6A) 2"06 2"03 
H(2)--- H(2') 2"36 2"46 
H(4')--- H(5) 2"44 2"37 
H(4')--- H(6') 2-46 2"51 
O(6)---O(1) 2-66 2"71 
0(3)---0(2) 2.68 2"74 
O(2)--- 0(6) 2.70 2.81 
0(3)---0(5) 2"77 2-72 

0"39 

0"00 
10"97 

1 " 8 0  

6"66 

0"10 

0(4)---0(5) 
0(2)---0(4) 
O(3)---O(1) 
C(3)---O(1) 
H(3)---O(1) 
O(2)--- H(4') 
O(4)--- H(2) 

H(6A)--- 0(6) 
H(2')--- C(6) 
H(I')--- C(6) 
C(I)--- H(4') 

H(6B)--- H(2) 
H(3")---H(4") 
H(3)---H(I') 
H (  ! ) - - - H ( 4 " )  
O(2)---O(6) 
O(1)---O(6) 
0(2)---0(3) 

3"00 
3"38 
3"38 
3.37 
2"37 
2"42 
2"70 
2"71 
2"82 
2-92 
3-00 
2"10 
2-12 
2"33 
2"36 
2"79 
2"81 
2"86 
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In general, it was apparent that the differences be- 
tween the closest contacts of the actual and the com- 
puted structure were larger in fl-D-glucose than in ~-D- 
glucose. It is likely that this was due to the less accurate 
positions of the hydrogens in the former structure. The 
total repulsive energies for fl-D-glucose were similar to 
those for the ~ anomer: Er=21"00 for the actual and 
19.40 for the completed structure. 

An interesting pseudo-minimum was found in the 
course of calculation of fl-o-glucose. The pseudo-min- 
imum occurred at 

/'-0.8686 0 . 4 9 5 5  0.0051\ 
R = |  0.4950 0.8681 -0.0367 / 

\-0.0226 -0.0293 -0.9993/ 
S =(0-85, 1-88, -0.50) A 

The closest contacts and the corresponding repulsive 
energies for the resulting structure are also listed in 
Table 3. The Er= 19"97 for this structure was only 
slightly higher than that for the 'correct' calculated 
structure, 19.40. The closest contacts were, in general, 
no worse than for actual structure, as can be seen from 
Table 3. But only six hydrogen bonds to the asymmet- 
ric unit were found, compared with eight in the lower 
energy structure, and the hydrogen-bonding scheme 
in the latter appeared considerably more reasonable. 

3. fl-Lyxose 
As an example of a pentose, the minimum energy 

structure offl-lyxose was computed. Its crystal structure 
had been determined by X-ray analysis, without refine- 
ment of hydrogen positions (Hordvik, 1966). The pre- 
dicted structure was characterized by a relatively large 
deviation ~0=0-0920 A (~0=0.0901 A with hydrogens 
excluded) which was mostly due to the apparently sys- 
tematic shift in the z coordinate of all atoms by ap- 
proximately - 0 . 1 2  tl, as shown by the translation vec- 
tor S. 

0.99917 -0.04035 0.00383\ 
R =  0.04036 0-99918 -0-00225 / 

-0 .00374 0.00240 0.99999/ 
P =(3.0, 3.0, 0.00) A 
S = ( - O . O I ,  -0 .10 ,  -0 .12)  A 

The individual short contacts and the corresponding 
repulsive energies for both actual and computed struc- 
ture of lyxose are shown in Table 4. No C - - - H  con- 
tacts below 2.96 A were observed. No very short 
O - - - H  contacts were found either, yet this interaction 
maintained its importance in determining the repulsive 
energy. Due to the shift in the z coordinates for the 
calculated structure, larger deviations in the closest 
contacts between the calculated and actual structure 
were observed, especially in the hydrogen bond dis- 
tances. The effect of the z shift was also seen in the drop 
of Er= 12"67 for the actual structure to 11.74 for the 
calculated one. 

4. Methyl ~-D-glucopyranose 
The crystal structure of methyl ~-D-glucopyranose 

(Berman & Kim, 1968) was of interest largely because 
of the presence of the methyl substituent. The compu- 
tation was performed with a rigid molecule. Although 
relatively large errors in the hydrogen positions were 
present, the results were excellent, as shown by R, S 
and the small deviations q~=0.0574 A with all atoms 
included, and ~0 = 0.0583 A for the oxygen and carbon 
atoms only. 

[ 0 .99997-0 .00316  0.00572\ 
R = [  0.00306 0.99983 0-01802 / 

\ - 0 . 00577  0.01801 0.99982} 
P=(5 .5 ,  4-5, 3.0) A 
s =(0.07, -0.03, 0.05) A 

The repulsive energies and the closest contacts are 
listed in Table 5. In this structure, the H - - - H  interac- 
tions were the most significant, followed by the O - - - H  

Table 4. Distribution of short contacts in actual and computed crystal structures of fl-lyxose 
All hydrogen bonds are included 

Total number of re- Er for 
Inter- pulsive interactions observed 

actions (and H-bonds) structure 
O---O 2 0.05 
O---C 2 0.00 
O---H 38 7.96 

C - - - H  14 0.98 

H---H 38 2.97 

O---O (H-bond) 8 0.75 

* See footnote at the bottom of Table 2. 

Closest contacts (/~,) 
Atoms* Obs. Pred. 

0(2)---0(4) 3.26 3.24 
O(5)---C(4) 3.38' - 
O(I)---H(5B) 2.68 2.66 

H(2')--- O(4) 2.70 2-68 
H(5A)---O(3) 2.71 2-87 

H(3)---O(2) 2.72 2.75 
C(1)---H(4') 2.96 3.06 
C(5)---H(4') 3.03 2-97 
H(1) - - - H(4) 2-26 2.32 
H(3')---H(3) 2.59 2.68 
H(I')---H(5A) 2.66 2.65 
0(5)---0(4) 2.69 2.72 
0(3)---0(4) 2.76 2.71 
O(1)---O(3) 2.81 2.67 
O(1)---O(2) 2.96 2-85 
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interaction. The closest contacts were comparable to 
those of fl-lyxose rather than to those found in either 
e- or fl-D-glucose. No C - - - O  contact less than 3.40 A 
was found and only two O - - - O  contacts with 3.25 A 
were below the cut-off distance. 

Many numerically larger differences in the closest 
contacts between the actual and the computed struc- 
ture were observed in this carbohydrate in comparison 
with those previously discussed. This was especially 
true for the hydrogen bond. Nonetheless, for a total 
of 130 repulsive contacts, the repulsive packing energies 
were reasonably low: Er = 15.28 for the actual structure 
and 14.40 for the computed structure. 

5. D-Glucono-(1,5)-lactone 
The recently reported structure of D-glucono-(1,5)- 

lactone (Hackert & Jacobson, 1971) presented a good 
test for the computation of carbohydrate structures in 
several ways. First, the hydrogen positions were re- 
fined in the X-ray analysis. Secondly, the C-H and 
O-H bond lengths were much shorter and more uni- 
form in this structure when compared with other car- 
bohydrates (0.91-0.96 A for C-H,  and 0.71-0.78 A for 
O-H). Finally, there were some short O - - - O  contacts. 

As the rotation matrix R and the translation vector 
S show, the minimum energy structure was found in a 
position nearly identical with that of the actual struc- 
ture. This also resulted in a relatively small value for 
the average deviation: cp =0.0697 A for all atoms and 
~0 = 0.0706 A for carbons and oxygens only. 

0 .99972-0 .02188  0.00852~ 
R =  0.02212 0.99933 -0-02881 / 

-0 .00788 0.02899 0.99954] 
P=(1 .5 ,  4.0, 6.0) A 
S = ( - 0 . 0 2 ,  0.07, - 0 . 0 2 ) / ~  

(The z coordinate of atom 0(3) in the original paper 
is in error and should be 0.9267 instead of 0.9627.) 

The repulsive energies and the closest contacts are 
listed in Table 6. Here the O - - - H  contacts were pre- 
dominant in repulsive packing energy, even though one 
very short distance in the actual structure was con- 
siderably lengthened in the minimum energy structure. 
The H - - - H  interactions contributed only a small frac- 
tion to the total energy, which may be a reflection of 
the short C-H and O-H bond lengths. The C - - - H  in- 
teraction was also nearly negligible. The values for E, 
were low for both actual and computed structures: 
14-02 and 13.15 respectively, again reflecting the pre- 
sence of short C-H and O-H bond lengths. 

6. fl-Arabinose 
An interesting situation developed in the calculation 

of the minimum energy structure of this carbohydrate. 
The global energy minimum was not found in the vi- 
cinity of the reported crystal structure (Hordvik. 1961), 
but close to a position obtained by shifting the molecule 
by -a/4. Subsequent checking of the original data 
revealed that the reported coordinates were not in 
agreement with the convention of the International 
Tables for X-ray Crystallography (1952) (wrong origin 
was used) and furthermore, that discrepancies in both 
signs and magnitudes of the structure factors of 0k0 
reflections in a and c projections were present. For 
these reasons, as well as for the purpose of observing 
whether the minimum energy structure could serve as 
an initial model for crystallographic refinement, the 
latter process was carried out with the reported struc- 
ture factors, using the procedure outlined below. The 
ORFLS computer program (Busing, Martin & Levy, 
1962) was used for refinement. 

The a and c projections were refined separately as 
was done originally (Hordvik, I961). After two cycles 
of refinement the R values were Rhk0 = 0"060 and R0kt = 
0.076, with hydrogens included and using isotropic 
temperature factors. Because of the small amount of 

Table 5. Distribution of short contacts in actual and computed crystal structures of methyl-c~-D-glucopyranoside 
All hydrogen bonds are included 

Total number of re- E, for 
Inter- pulsive interactions observed 
action (and H-bonds) structure 
O---O 2 0.05 
O---C - - 
O---H 38 5"45 

C---H 24 3.10 

H---H 58 5.78 

O---O (H-bond) 8 0.88 

* See footnote at the bottom of Table 2. 

Closest contacts (A) 
Atoms* Obs. Pred. 

0(4)---0(5) 3.25 3.32 

H(4')---O(5) 2-68 ~..75 
O(3)--- H(3) 2.72 2.83 
H(2)--- O(4) 2.78 2.71 

H(6A)---O(2) 2-78 2.82 
C(3)---H(6') 2.79 2.86 
C(6)---H(2') 2-81 2.72 
C(2)--, H(3') 2.82 2-93 
H(4)--- C(7) 2.83 2.85 
H(2)--- H(5) 2.22 2.19 

H(7C)---H(7B) 2.42 2.42 
H(6A)---H(7C) 2.42 2.48 

H(I)---H(7A) 2"51 2"48 
O(6)--- 0(2) 2"70 2"69 
0(2)---0(3) 2-70 2.80 
0(3)---0(6) 2"70 2"77 
0(4)---0(6) 2"92 2"83 
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Table 6. Distribution of short contacts in actual and computed crystal structures of D-glucono-(1,5)-lactone 
All hydrogen bonds are included. 

Total number of re- E, for 
Inter- pulsive interactions observed 
action (and H-bonds) structure 
O---O 2 0-31 
O---C 4 0-05 
O---H 34 10-05 

C---H 18 0.90 

H- - -H 32 2-14 

O---O (H-bond) 8 0.58 

* See footnote at the bottom of Table 2. 

Closest contacts (A) 
Atoms* Obs. Pred. 

O ( 1  ) - - - 0 ( 6 )  3 " 0 4  3" 24 
O(2)--- C(6) 3.28 3.31 
O(I)--- H(6') 2.59 2.83 
O(4)--- H(4) 2.60 2.64 
O(2)--- H(6A) 2-66 2.67 
C(6)--- H(6A) 3.01 2.99 
C(1)--- H(6') 3.01 3.21 

H(6B)--- H(6A) 2.31 2.35 
H(3)--- H(6B) 2.62 2-54 

H(4') - - - H(4) 2.70 2.73 
0(3)---0(6) 2-68 2"82 
O(2)--- 0(3) 2.72 2-72 
O(1)---O(4) 2"84 2"73 
0(2)---0(6) 2.88 2"84 

da ta  available, high correlation coefficients occurred 
between some coordinates and temperature  factors. 
This necessitated fixing several y coordinates and the 
x and y coordinates of  C(4) in order to obtain agree- 
ment  between both projections and to maintain a suit- 
able C(3)-C(4)-C(5)  bond angle. After  relocating the 
hydrogens to within reasonable bond lengths and 
angles, two more  cycles of  refinement with the averaged 
y coordinates produced Rnk0=0.065 and R0kz=0"085. 
The fractional coordinates of  this structure are listed 
in Table 7 and the bond lengths and angles in Table 8. 

Table 7. Revised atomic coordinates and temperature 
factors for fl-arabinose 

Unit cell: a=6.535, b=19.467, c=4.841 ~. Space group: 
P212121 

The standard errors for the Cartesian coordinates are about 
the same for x, y, and z, and are 0.01 A for oxygen and 0.015 A 
for carbon atoms; the standard error for the temperature 
factors is 0.30 A z. 

Fractional coordinates 
x y z 

O(I) 0.3125 0.4100 --0-0800 
0(2) 0.3560 0.3017 0.2705 
0(3) -0.0603 0 - 2 5 4 5  0.2350 
0(4) -- 0-2525 0.3765 0-4260 
0(5) 0.0765 0 - 4 6 3 3  0.2095 
C(1) 0.2430 0 - 4 1 7 0  0-1865 
C(2) 0.1830 0.3468 0.2950 
C(3) 0.0010 0.3200 0.1300 
C(4) -0.1780 0 . 3 7 1 1  0.1475 
C(5) - 0.0975 0.4420 0.0540 
H(I') 0.395 0.448 -0.120 
H(2') 0-320 0.256 0.310 
H(3') -0.020 0.220 0-1 D0 
H(4") -0-300 0"333 0.490 
H(I) 0.370 0"438 0-295 
H(2) 0.140 0"350 0.510 
H(3) 0.040 0"315 -0"085 
H(4) - 0.305 0"355 0.020 
H(5A) - 0.220 0.478 0.100 
H(5B) - 0-070 0"448 - 0" 165 

Temperat ure 
factor (.~z) 

B~ko B0kl 
3.50 3-15 
3.30 3.30 
4.50 3.40 
4.90 5" 15 
3.10 3.00 
3.50 2.65 
3.10 2.80 
3.10 2.70 
4.10 3.95 
4.30 4"10 
3.50 3.15 
3.30 3.30 
4.50 3.40 
4.90 5.15 
3.50 2.65 
3.10 2"80 
3.10 2"70 
4.10 3.95 
4.30 4.10 
4-30 4.10 

Table 8. Bond lengths and angles of the new crystal 
structure of fl-arabinose 

C(1)-C(2) 1-516 A C(2)-C(1)-O(1) 108.7 ° 
C(1)-O(1) 1 - 3 7 5  C(2)-C(1)-O(5) 110.3 
C(1)-O(5) 1 - 4 1 7  O(1)-C(1)-O(5) 113.0 
C(2)-C(3) 1 . 5 2 5  C(1)-C(2)-C(3) 109.2 
C(2)-O(2) 1 . 4 3 6  C(1)-C(2)-O(2) 108-6 

C(3)-C(2)-O(2) 111.2 
C(3)-C(4) 1 . 5 3 8  C(2)-C(3)-C(4) 110.1 
C(3)-O(3) 1 . 4 3 0  C(2)-C(3)-O(3) 109.7 

C(4)-C(3)-O(3) 110.1 
C(4)-C(5) 1 . 5 4 5  C(3)-C(4)-C(5) 107.6 
C(4)-O(4) 1 " 4 3 7  C(3)-C(4)-O(4) 110.9 

C(5)-C(4)-O(4) 109.0 
C(5)-O(5) 1 . 4 2 5  C(4)-C(5)-O(5) 112.1 

C(1)-O(5)-C(5) 112-7 

Using these coordinates,  a new min imum energy 
structure was computed which yielded an average de- 
viation (0 = 0-077 A (~0 = 0-070 A with only carbons and 
oxygens present) and which was in the position: 

0"9988 0.0319 - 0 " 0 3 6 6 \  
R =  - 0 . 0 3 2 2  0.9995 0-0072] 

0'0364 0-0084 0.9993] 

P = ( 0 . 2 0 ,  7.00, 0-80) A 

S = ( - 0 . 0 7 ,  0.07, 0.00) A 

In comparison with the refined structure, the predicted 
structure yielded Rhk0=0"26 and Rokz=0"25. It is ob- 
vious that  a good correspondence between the new 
crystal structure and the predicted structure of  fl-ara- 
binose was obtained. The breakdown of  repulsive ener- 
gies and closest contacts is shown in Table 9. As was 
true in all other cases, the O - - - H  and H - - - H  interac- 
tions predominated.  Quite large discrepancies in the 
short contacts between the actual and predicted struc- 
tures were evident, which was undoubtedly due to the 
low precision in the atomic coordinates.  The total re- 
pulsive energies for both structures were E , = 2 3 . 8 4  for 
the actual structure and E ,=22 .59  for the computed 
one. 
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Fig. 1. Packing of fl-arabinose viewed along the c axis of the 
unit cell. Hydrogen bonds are indicated by dashed lines. 

The new structure of fl-arabinose is shown in Fig. 1. 
It is essentially in agreement with the previously re- 
ported structure (Hordvik, 1961), with the exception 
of the 0(2)- - -0(4)  hydrogen bond which appears less 
probable in the present structure because of unfavor- 
able position of H(4'). 

Conclusions 

The most significant result of this study was the accu- 
racy which was achieved in the prediction of the struc- 
tures of the six monosaccharides, notwithstanding the 
approximate nature of the procedures involved. It was 
also remarkable that the uncertainties in the positions 
of the hydrogens exerted little effect on the outcome 
of the calculations, even though the short contacts in- 
volving the hydrogens were the most important in all 
cases. 

It was of interest in this connection that the average 
deviations calculated both with and without hydrogens 
were little different for a given structure. This meant 
that the inaccuracies in the positions of the hydrogens 
and the heavier atoms of a predicted structure were of 
the same order of magnitude, in contrast with the usual 
results of X-ray structure determination. 

In view of the varying accuracy in the atomic co- 
ordinates and bond lengths of the different carbohy- 
drates, no significance should be attached to the abso- 
lute values of E,. Rather, the differences in E~ for the 
actual and predicted structures should be viewed as 
significant. 

A comparison of 0C-D-glucose and D-glucono-(1,5)- 
lactone, for which accurate bond length data were 
available, provided more information. The value of E, 
for the lactone was considerably smaller than that for 
Or-D-glucose and the distribution of short contacts was 
different in both structures. This undoubtedly reflected 
the observed differences in C-H and O-H bond lengths 
for the two compounds. 

Projecting the use of this method to more complex 
carbohydrates such as di-, oligo- and polysaccharides, 
or to structures with large rotatable substituents, more 
difficulties with false minima should be expected. The 
choice of strategy and the use of more accurate poten- 
tial energy functions, possibly including attractive 
terms, remains to be determined. However, as the case 
of fl-arabinose demonstrates, it is likely that the choice 
between a small number of alternative models could 
easily be made through standard X-ray refinement pro- 
cedures. In addition, there may be other means avail- 
able to assist in the solving of these problems (Neu- 
man, 1970). 

This work has been supported by the National 
Science Foundation Research Grant No. GP-27997. 
One of the authors (PZ) thanks the Deutsche For- 
schungsgemeinschaft for a travel grant. 

Table 9. Distribution of  short contacts in the revised crystal structure and computed structure of  fl-arabinose 

All hydrogen bonds are included. 

Total number of re- Er for 
Inter- pulsive interactions observed 
action (and H-bonds) structure 
O---O 4 0-32 
O---C 6 0.04 
O---H 46 13.29 

C- - - H 22 2.04 

H---H 56 7.75 

O---O (H-bond) 6 0.35 

* See footnote at the bottom of Table 2. 

Closest contacts (A) 
Atoms* Obs. Pred. 

0(4)---0(2) 3"03 3"08 
C(3)--- 0(2) 3.20 3-31 

H(4')--- O(2) 2-55 2"52 
O(1)---H(2) 2.56 2"66 

H(5B)--- O(4) 2-69 2.79 
H(3)---O(2) 2.72 2-84 
C(3)---H(2') 2.84 2.95 

H(l')--- C(1) 2.93 2.92 
C(5)---H(5A) 2-94 2.86 
H(4)--- H(3') 2.11 2.32 

H(4")--- H(2') 2.13 2.25 
n(3) - -- H(2) 2-17 2.11 
H(3)--- H(2') 2.27 2.41 
0(3)---0(2) 2.68 2.69 
0(3)---0(2) 2.73 2.80 
O(1)---O(5) 2"76 2"71 
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Modified Tangent Procedures* 

BY HERBERT HAUPTMAN AND CHARLES M. WEEKS 

The Medical Foundation o f  Buffalo, 73 High Street, Buffalo, New York 14203, U.S.A. 

(Received 19 April 1972) 

Two procedures for extending a basic set of known phases are described which, unlike the tangent 
formula, depend on the conditional probability distribution of cos (0n+Ok+O-n-k) as well as the 
distribution of sin (~0h+(0k+~0-h-U). One of these modified tangent procedures has been applied to 
one unsolved and three solved crystal structures, and it has been found, in all instances, to be superior to 
the simple tangent formula when the initial set of phases is small. In addition, the modified tangent 
procedure, but not the simple tangent formula, is capable of making an enantiomorph selection in space 
group P21 when the input set consists only of the origin-fixing phases and those determined by means 
of ~ .  

1. Introduction 

One of the most useful relationships which may be 
derived from the conditional probability distribution 
of the pair of phases ~0k and ~0-h-k, where h is a fixed 
vector having an unknown phase and k ranges over all 
vectors in reciprocal space such that the magnitudes of 
IEkl and IE-h-kl have fixed values, is the tangent for- 
mula (Karle & Hauptman, 1956). Not only is the tan- 
gent formula a widely used technique for the solution 
of equal atom problems in noncentrosymmetric space 
groups, but it is also useful for refining and extrapolat- 
ing approximate phases derived in any way, e.g. when 
phases are calculated from a known fragment of a 
crystal structure (Karle, 1968). 

The simple tangent formula depends on the condi- 
tional probability distribution of sin Y, where Y= 
q~n+CPk+~-h-k, but not on the distribution of cos Y. 
The purpose of the present paper is to discuss tangent 
procedures which make more effective use of the prob- 
ability distribution of the pair of phases ~0k and ~0-h-k 
by forcing two of its parameters, the average values of 

* Portions of this paper were presented at the meetings of 
the American Crystallographic Association at Columbia, 
South Carolina, February 1971, and Ames, Iowa, August 1971. 

sin Y and cos Y to agree as closely as possible with 
their theoretical expected values. 

2. Derivation of the modified tangent procedures 

Suppose that the space group is P 1 and that there are 
N identical atoms in the unit cell. Define Ak by 

2 
Ak= --~-iTf [EhEkEh + ul . (2.1) 

Assume that the reciprocal vector h is fixed and that k, 
the primitive random variable, ranges uniformly over 
that region of reciprocal space for which Ak has a fixed, 
specified value. Under these circumstances the condi- 
tional probability distribution of the pair of phases 
(ak, Cp-h-,,, given Ak, is known to be (Cochran, 1955; 
Hauptman, 1972a) 

1 
P(~o, ~dAk) -  ~ 4rc~]0(&) 

x exp {Ak cos (~0h + ~o + ~b~)} (2.2) 

where I0 is the modified Bessel function. From (2.2) it 
follows readily that (Hauptman, 1966, 1972a; Karle & 
Karle, 1966) 


